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Abstract. The dynamic properties of thin films described by the Ising model in a transverse
field (TIM) have been studied under the random-phase approximation. The frequencies of
soft modes and surface modes have been obtained. For films with reduced surface interaction
(compared to the bulk), the soft mode corresponds to a surface-like mode in the ferroelectric
phase but to a bulk-like mode in the paraelectric phase. Conversely, for films with an enhanced
surface interaction, the soft mode is a bulk-like mode in the ferroelectric phase and a surface-
like mode in the paraelectric phase. The number of surface-like modes in the ferroelectric
phase can be greater than one; the number increases as the temperature approaches the Curie
temperature, and does not depend on the in-plane wavevector for a given temperature in the
ferroelectric phase. However, there is only one surface-like mode in the paraelectric phase, and
its character becomes bulk-like at large wavevector. The surface modes can be clearly seen
from the frequency dependence of the dynamic susceptibility; the surface mode pole increases
in strength with decreasing film thickness. The frequency dependences of optical reflectivity
coefficients have also been obtained. The reflection peaks due to the surface modes lie below
the bulk reststrahl band in the ferroelectric phase of films with reduced surface ferroelectricity,
and also in the paraelectric phase of films with enhanced surface ferroelectricity; otherwise, they
lie within the reststrahl band.

1. Introduction

The transverse Ising model (TIM) was originally introduced by de Gennes [1] to describe
the bulk phase transition properties of KDP-type ferroelectrics. Since then this model has
been extended to study other systems, such as Jahn–Teller [2] and ferromagnetic systems.
Surface influences have been investigated by introducing modification of the interaction
strength at the surface of a semi-infinite sample [3–6]. In the past few years, the effect
of film thickness on the static properties of a TIM film has been investigated, usually by
employing a mean-field approximation (MFA) [7–12] or an effective-field theory [13–15].
These investigations have primarily concerned the Curie temperature, polarization, specific
heat and susceptibility. This model has also been extended to study the properties of
ferroelectric superlattices [16, 17], and the size effect in the quantum paraelectric phase [18].
The bulk susceptibility calculated from the TIM under the MFA can fit the experimental
measurements in an excellent manner [19].

Comparatively less work has been done on the dynamic properties of TIM films. Early
studies by Blinc anďZeǩs in their classic book [20] indicated that the bulk (pseudo-) spin
wave is the soft mode—its frequency becomes zero at the phase transition temperature.
Later the surface influence on the spin-wave spectrum was obtained for a semi-infinite
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system [3]. A surface mode has been found in systems with either reduced or enhanced
surface interaction. In the ferroelectric phase, more than one surface mode has been found,
but in the paraelectric phase only one surface mode has been predicted [3]. The latest work
is the calculation of the optical reflectivity coefficient of a 10-layer TIM film [21].

The dynamic behaviour of ferroelectric films has also been studied using Landau
theory [3] for a semi-infinite system. A surface mode was found only in the ferroelectric
phase for a system with reduced surface interaction, and in the paraelectric phase for a
system with enhanced surface interaction, a result whose physical basis is clarified by the
present paper. Landau theory has also been extended to study the dynamics of a ferroelectric
superlattice [22, 23]—a structure that came into reality a few years ago [24]. The calculation
shows the existence of interface modes.

Early far-infrared (FIR) measurements [25] on Rochelle salt showed that a thin film
has higher transmission than a thick film, and that extra peaks appear in thin films. Recent
FIR measurements [26] on PbTiO3 and PZT film have been carried out, but there was
no discussion of size or surface effects. Due to potential applications in optic waveguide
devices, several kinds of ferroelectric material have been fabricated into very thin films,
and their optical properties have been investigated [27, 28]. The optical properties of rf-
sputtered lithium niobate thin film on sapphire and SiO2/Si substrates have been studied
using a high-index rutile prism coupler [29]. Both TE and TM modes have been observed
in films of thickness 0.6µm and 0.2µm. It was reported [30] that a large quadratic electro-
optic effect has been observed from high-quality pulsed laser deposition barium titanate film
on a MgO substrate. The transmittance of PZT films obtained from rf magnetron sputtering
shows interface oscillations caused by the structure of films, and is influenced by their
thickness [31].

In this paper we extend our calculations on static properties [11, 12] to study the linear
dynamic response of a TIM film. In the next section, the RPA is applied to get the basic
expressions. The soft modes and surface modes are obtained and discussed in section 3.
In section 4 we present the dispersion relation, in section 5 the dynamic susceptibility and
section 6 the optical reflectivity. The last section is a general summary.

2. Formalism

In order to study the linear dynamic properties of the TIM, we apply a small time- and
space-dependent external electric fieldEi(t), and write the Hamiltonian in the form [20]

H = −
∑

i

�iS
x
i − 1

2

∑
i,j

Jij S
z
i S

z
j − 2µ

∑
i

Ei(t)S
z
i (1)

where Sx
i and Sz

i are thex- and z-components of a spin-1
2 operator. In hydrogen bond

ferroelectrics,Sz
i = + 1

2 and Sz
i = − 1

2 represent the occupation by a proton of the two
equilibrium positions of the hydrogen bond;�i is the transverse field or tunnelling frequency
of the proton andSx

i the corresponding tunnelling operator;Jij is the intersite interaction
between sitesi and j , equivalent to a dipole–dipole interaction;µ is the effective dipole
moment of each site; andEi(t) is the applied electric field at sitei.

The time-dependent expectation values of the spin variables are designated〈Si〉t ; their
Heisenberg equations of motion are (in units of ¯h = 1):

d〈Si〉t
dt

= −i〈[Si , H ]〉t . (2)
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In the RPA [20], the equations of motion (2) take the form

d〈Si〉t
dt

= 〈Si〉 × Hi (t). (3)

where the time-dependent molecular fieldHi (t) is given by

Hi (t) = − ∂〈H 〉t
∂〈Si〉t . (4)

These equations are equivalent to the classical free precession of the spins〈Si〉t around the
instantaneous value of the molecular fieldHi (t) at a given site.

Since we are interested in the linear response of the spin system to an external field

Ei(t) = Eie
iωt (5)

we can replace〈Si〉t by a constant part〈Si〉—which is just the MFA expectation value—plus
a small time-dependent deviation〈δSi〉eiωt from the mean-field solution:

〈Si〉t = 〈Si〉 + 〈δSi〉eiωt . (6)

Similarly we have

Hi (t) = 〈Hi〉 + 〈δH i〉eiωt (7)

where

〈Hi (t)〉 =
(

�i, 0,
∑

j

Jij 〈Sz
j 〉t

)
(8)

〈δHi (t)〉 =
(

0, 0,
∑

j

Jij 〈δSz
j 〉 + 2µEi

)
. (9)

The equations of motion (3) can now be linearized by using (6) and (7) and keeping
only terms that are linear in the deviations〈δSi〉 and〈δH i〉:

iω〈δSi〉 = 〈δSi〉 × 〈Hi〉 + 〈Si〉 × 〈δH i〉. (10)

The term〈Si〉 × 〈Hi〉 is identically equal to zero as the average value of a spin is oriented
along the direction of its molecular field.

As 〈Sy

i 〉 = 0 in both the disordered and the ordered phase, the equations of motion for
the components of the spin-deviation vector〈δSi〉 become

iω〈δSx
i 〉 −

∑
j

Jij 〈Sz
j 〉〈δSy

i 〉 = 0 (11)∑
j

Jij 〈Sz
j 〉〈δSx

i 〉 + iω〈δSy

i 〉 − �i〈δSz
i 〉 +

∑
j

Jij 〈Sx
i 〉〈δSz

j 〉 = −2µEi〈Sx
i 〉 (12)

�i〈δSy

i 〉 + iω〈δSz
i 〉 = 0. (13)

Eliminating 〈δSx
i 〉 and〈δSy

i 〉 from (11)–(13) yields

[ω2 − �2
i − 12

i ]〈δSz
i 〉 + �i〈Sx

i 〉
∑

j

Jij 〈δSz
j 〉 = −2µEi�i〈Sx

i 〉 (14)

where

1i =
∑

j

Jij 〈Sz
j 〉. (15)

We now apply these expressions to anN -layer film, in which the lattice sites are
assumed to lie on a simple cubic lattice. The interactions are restricted to nearest-neighbour
interactions, in which the interaction constant isJ except for for interactions between sites
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in a surface layer, when the interaction constant isJs . The corresponding transverse fields
are denoted as� and�s . We use an in-plane Fourier transform, i.e.

〈δSi〉 =
∑
Q

〈δSn(Q)〉eiQ·rn (16)

Ei =
∑
Q

En(Q)e−iQ·rn (17)

where Q = (Qx, Qy) is the in-plane wavevector, andrn = (x, y) denotes the position
of the i-site in the layern; n denotes the layer number along the〈001〉 direction with
n = 1, . . . , N . Then equation (14) can be transformed as follows:

[ω2 − �2
s − 12

s ]〈δSz
1(Q)〉 + 4Jsγ�s〈Sx

1 〉〈δSz
1(Q)〉 + J�〈Sx

1 〉〈δSz
2(Q)〉

= − 2µE1(Q)�s〈Sx
1 〉 (18)

for the surface layern = 1 with a similar equation forn = N , and

[ω2 − �2 − 12
n]〈δSz

n(Q)〉 + 4Jγ�〈Sx
n 〉〈δSz

n(Q)〉 + J�〈Sx
n−1(Q)〉〈δSz

n−1(Q)〉
+ �J 〈Sx

n+1〉〈δSz
n+1(Q)〉

= − 2µEn(Q)�〈Sx
n 〉 (19)

for the bulk layersn = 2, . . . , N − 1, where

γ = 1

2
[cos(Qxa) + cos(Qya)]

with lattice constant or layer widtha, and

1s = 4Js〈Sz
1〉 + J 〈Sz

2〉1n = J (4〈Sz
n〉 + 〈Sz

n−1〉 + 〈Sz
n+1〉).

The spin-wave frequencies or eigenfrequenciesω(Q) are obtained by solving (18) and (19)
numerically by settingE1 = En = 0.

From equations (18) and (19) we can get the relation between the external perturbation
En(Q) and the pseudo-spin systemδPn(Q) = ε0χnEn(Q) and hence the dynamic suscept-
ibility χn as

χn(ω, Q) = 2Nµ〈δSz
n(Q)〉

ε0En(Q)
(20)

whereN is the number of H bonds or effective dipoles per unit volume,µ is the effective
dipole moment, andε0 is the vacuum permittivity. For convenience of calculation we define
a reduced susceptibility for the layern as

κn = J
〈δSz

n(Q)〉
2µEn(Q)

(21)

which is dimensionless and related to the corresponding macroscopic dielectric susceptibility
by

χn = 4Nµ2

Jε0
κn. (22)

Thus we can obtain expressions for the reduced susceptibilities directly from (18) and (19):[
�2

s + 12
s − ω2

�s〈Sx
1 〉 − 4Jsγ

]
κ1 − Jκ2 = 1

for the surface layer and

−Jκn−1 +
[
�2 + 12

n − ω2

�〈Sx
n 〉 − 4Jγ

]
κn − Jκn+1 = 1
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for the bulk layers. The average susceptibilities are defined by

κ = 1

N

N∑
n=1

κn or χ = 1

N

N∑
n=1

χn. (23)

Figure 1. The temperature dependence of the mode frequencies for (a) a 10-layer film and (b)
a 40-layer film with reduced surface interaction parametersJs/J = 0.5, �/J = 1, �s/J = 1.

As an illustration of the application of the results derived here, we consider the case
of optical reflectivity by a thin ferroelectric film. At long wavelength, it is obviously an
adequate approximation to represent the properties of the film as those of a medium of
thicknessd = Na with an average polarizationP = ε0χE, so that the film behaves as a
medium of dielectric constantε = 1 + χ . The amplitude reflection coefficient for such a
film, in vacuum, is [21]

R = (k2
0 − k2) sin(kd)

(k2
0 + k2) sin(kd) + 2ik0k cos(kd)

(24)

wherek0 is the vacuum wavevector 2π/λ, andk is the wavevector in the film, satisfying the
equationk2 = εω2/c2, wherec is the velocity of light. The intensity reflection coefficient
is R = |R|2.

3. Soft modes and surface modes

The temperature dependences of the mode frequency and mode configurations are shown in
figures 1–6. Three sets of model parameters have been selected to represent typical kinds
of film: case (i), a film whose surface ferroelectricity is reduced compared to that of the
bulk, i.e. Js < 6J/5 (the factor 6/5 arises because each surface site has only five nearest
neighbours, whereas a bulk site has six neighbours); case (ii), a film where the surface
interaction is enhanced,Js > 6J/5, in which case there are two phase transitions in thick
or infinite systems, one in which the surface layer only becomes polarized, and a second
quasi-phase transition in which the polarization spreads to the bulk; and case (iii), a film
where the surface interaction is enhanced, but the bulk interaction constantJ is insufficient
by itself to produce a bulk phase transition (J < 3�), so the ferroelectricity in the film is
confined to the surface.

Figure 1 shows the temperature dependence of the mode frequencies for a surface-
reduced film (i) for 10-layer and 40-layer films. Only the frequencies of the symmetric
modes are shown (N/2 modes for anN -layer film), because the anti-symmetric modes do
not have ferroelectric character. The mode frequencies are normalized by the interaction
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Figure 2. Amplitude profiles of the modes in a 10-layer film shown in figure 1 for (a) a
ferroelectric phase,T/Tcb = 0.5 , (b) a ferroelectric phase,T/Tcb = 0.9 and (c) a paraelectric
phase,T/Tcb = 1.5. The mode frequencies decrease from the top configuration to the bottom.

parameterJ , and the temperature scaled by the bulk Curie temperatureTcb, defined by the
relation

�

3J
= tanh

(
�

2kBTcb

)
. (25)

Figure 3. The temperature dependence of the mode frequencies for (a) a 10-layer film and (b)
a 40-layer film with enhanced surface interaction parametersJs/J = 1.5, �/J = 1, �s/J = 1.
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Figure 4. Amplitude profiles of the modes in a 10-layer film shown in figure 3 for (a) a
ferroelectric phase,T/Tcb = 0.5, (b) a ferroelectric phase,T/Tcb = 0.9 and (c) a paraelectric
phase,T/Tcb = 1.5. The mode frequencies decrease from the top configuration to the bottom.

Figure 5. The temperature dependence of the mode frequencies for (a) a 10-layer film and
(b) a 40-layer film with enhanced surface interaction with parametersJs/J = 1.5, �/J = 3.5,
�s/J = 1.

The maximum frequencies atT ∼ 0 K areω ∼ 6J 〈Sz〉 ∼ 3J , and at high temperature
the mode frequencies approachω ∼ �, the transverse field. Figure 2 shows the amplitude
profiles of the five even-symmetry modes for the 10-layer film of figure 1 at three
temperatures: in the ferroelectric phase at (a)T/Tcb = 0.5 and (b)T/Tcb = 0.9, and
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Figure 6. Amplitude profiles of the modes in a 10-layer film shown in figure 5 for (a) a
ferroelectric phase,T/Tc = 0.1, (b) a ferroelectric phase,T/Tc = 0.7 and (c) a paraelectric
phase,T/Tc = 1.5. The mode frequencies decrease from the top configuration to the bottom.

(c) in the paraelectric phase atT/Tcb = 1.5. From figure 2(a) it is very easy to see that the
two lowest-frequency modes are surface modes, i.e. they have a maximum amplitude at or
close to the surface and decay in a quasi-exponential fashion away from the surface. The
remaining three modes are confined acoustic-like modes, with wavevectors of approximately
k0, 3k0 and 5k0, with k0 = 2π/L whereL is the layer width. As the temperature approaches
T = 0.9Tcb, the third mode also tends to become surface-like. However, in the paraelectric
phase, figure 2(c), the highest-frequency mode is surface-like, and the lowest-frequency
mode is a confined mode of wavevector∼k0. This mode is clearly the soft mode of the
system, i.e. it is the mode whose frequency becomes zero at the transition temperatureTcb.
Immediately belowTcb there is a crossover region in which the lowest-frequency mode
becomes a surface mode; this crossover can clearly be seen in figure 1. Note that there is
little qualitative difference between the 10-layer and 40-layer films, except for the increase
in the number of confined modes; in both cases the surface mode has a similar frequency
above and below the transition, and the width of the band containing the remaining modes
is very similar. In the 40-layer case, the film Curie temperatureTc almost coincides with the
bulk Curie temperatureTcb. The surface modes can be recognised without much difficulty.
There are two surface modes at low temperature, and one more surface mode is split from
the bulk region as temperature approaches the Curie temperature. There is only one surface
mode in the paraelectric phase in the 40-layer film.



Dynamics of TIM thin-film ferroelectrics 3083

Figure 3 and figure 4 are similar to figures 1 and 2, but for a film with enhanced surface
interaction, case (ii). Here,Tc is now aboveTcb. The surface mode has higher frequency in
the ferroelectric phase and lower frequency in the paraelectric phase, and is the soft mode
of the phase transition. There is again a crossover region just belowTcb, and it is interesting
to note in the 40-layer case, figure 3(b), that there is a pseudo-phase transition atTcb when
the lowest-frequency confined mode (wavevector∼k0) nearly reaches zero. As the film
thickness increases further, there will in effect be two temperatures at which there are zeros
in the frequency spectrum, one corresponding to a bulk mode and the other to a surface
mode. This behaviour is different from that of the film with reduced surface interaction
(i), in which the Curie temperatureTc shifts up to the bulk Curie temperature as the film
thickness increases and the soft mode is always bulk-like.

Figure 5 shows the mode frequencies for case (iii)—enhanced surface interaction, but
with the bulk interaction insufficient to cause a phase transition. This differs from case (ii)
in that the bulk-like phase transition is absent and so there is only one phase transition,
associated with the surface. The temperature data are normalized toTc for the film. There
is only one surface-like mode, which can clearly be distinguished in figures 5(a), 5(b) and 6.
Within the ferroelectric phase, this surface mode changes from having the highest frequency
at low temperature to having the lowest frequency at high temperature, and the crossover
region occupies a range fromT ∼ 0.9Tc to T ∼ 0.5Tc.

4. Dispersion relations

The calculations in the last section apply only for the wavevector atQ = 0. For a finite in-
plane wavevector, the dispersion relations for mode frequency versus wavevector are shown
in figures 7 to 9, in which the wavevector is along the [100] direction, or|Q| = Qx . The
wavevector is shown in units of 1/πa, wherea is the lattice constant. Calculations with
general wavevectorQ = (Qx, Qy) have also been performed, and the general behaviour
is not changed very much: the frequency is highest at the boundary of the Brillouin zone
along the [110] direction, due to our assumption that the structure is square within thexy-
plane. In the following the results and discussions apply to the wavevector along the [100]
direction, but the discussion can be applied to other directions with only slight modification.

Figure 7 is for films with reduced surface interaction (case (i)): figures 7(a)–7(c) are for
the 10-layer films and figure 7(d)–7(f) are for the 40-layer films. The dashed lines are the
corresponding bulk curves: the lower curve is forQz = 0 and the upper dashed curve is
for Qz = π/a. In figure 7(a) the temperature is set atT/Tcb = 0.5, and the two low-lying
surface modes are very easy to recognise. When the film thickness increases to 40 layers,
as shown in figure 7(d), there are still two surface modes, and their positions are almost
unshifted. The increase of film thickness only adds more bulk modes. As the temperature
nears the Curie temperature (see figure 7(b) and figure 7(e) forT/Tcb = 0.9) there are
four surface modes, two more than that atT/Tcb = 0.5, leaving only one bulk mode in
the 10-layer film (figure 7(b)). The number of surface modes does not depend on the film
thickness, but obviously the number of remaining bulk mode does. Figures 7(c) and 7(f) are
presented for the paraelectric phase, with temperatureT/Tcb = 1.5. There is an optic-like
surface mode near the Brillouin zone centre at small wavevector which joins the bulk mode
band at large wavevector, with the result that there is no distinguishable surface mode near
the Brillouin zone boundary in the paraelectric phase. This is still true and more obvious
when the film thickness is 40 layers, as shown in figure 7(f).

Figure 8 is for films with strong surface interaction (case (ii)): figures 8(a)–8(c) are
for 10-layer films, and figures 8(d)–8(f) for 40-layer films. Figures 8(a) and 8(b) are for
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Figure 7. Dispersion diagrams for a film with reduced surface interaction with parameters the
same as for figure 1. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film atT/Tcb = 0.9, (c)
10-layer film atT/Tcb = 1.5, (d) 40-layer film atT/Tcb = 0.5, (e) 40-layer film atT/Tcb = 0.9,
(f) 40-layer film atT/Tcb = 1.5. The dashed lines are the corresponding bulk curves.

the ferroelectric phase, atT/Tc = 0.5 andT/Tc = 0.9 respectively. There is one surface
mode atT/Tc = 0.5 for the 10-layer film, and still only one for the 40-layer film at the
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Figure 8. Dispersion diagrams for a film with enhanced surface interaction with parameters the
same as for figure 3. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film atT/Tcb = 0.9, (c)
10-layer film atT/Tcb = 1.5, (d) 40-layer film atT/Tcb = 0.5, (e) 40-layer film atT/Tcb = 0.9,
(f) 40-layer film atT/Tcb = 1.5.
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Figure 9. Dispersion diagrams for a film with enhanced surface interaction with parameters the
same as for figure 5. (a) 10-layer film atT/Tc = 0.1, (b) 10-layer film atT/Tc = 0.7, (c)
10-layer film atT/Tc = 1.5, (d) 40-layer film atT/Tc = 0.1, (e) 40-layer film atT/Tc = 0.7,
(f) 40-layer film atT/Tc = 1.5.
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Figure 10. Dynamic susceptibility for a film with reduced surface interaction with parameters
the same as for figure 1. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film atT/Tcb = 1.5, (c)
40-layer film atT/Tcb = 0.5, (d) 40-layer film atT/Tcb = 1.5.

same temperature (compare figures 8(a) and 8(d)). One more surface mode appears when
the temperature increases toT/Tc = 0.9 for the 10-layer film, but two more surface modes
appear for the 40-layer film, one very close to the upper bulk mode. In the paraelectric
phase, shown in figures 8(c) and 8(f) forT/Tc = 1.5, only one surface mode can be found in
the small-wavevector region, and this joins the bulk modes at large wavevector, analogously
to figures 7(c) and 7(f) but on the lower-frequency side.

Figure 9 is for a film with enhanced surface interaction, corresponding to case (iii)
of the last section. Figures 9(a) and 9(d) are forT/Tc = 0.1, well below the transition
temperature, where there is a single high-frequency surface mode, distinguishable only at
small wavevector, which is more obvious in figure 9(d) for the thicker film. In figures
9(b) and 9(e), where the temperatureT/Tc = 0.7 is still in the ferroelectric phase, the
behaviour is quite different from that in figures 9(a) and 9(d). First the surface mode does
not exist around small wavevector, but can be picked out near the Brillouin boundary, being
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Figure 11. Dynamic susceptibility for a film with enhanced surface interaction with parameters
the same as for figure 3. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film atT/Tcb = 1.5, (c)
40-layer film atT/Tcb = 0.5, (d) 40-layer film atT/Tcb = 1.5.

split from the bulk modes beyond a certain wavevector. The second difference is that the
surface mode is the lowest-frequency mode, not the highest as in figures 9(a) and 9(d).
In the paraelectric phase, figures 9(c) and 9(f) forT/Tc = 1.5, the surface mode is quite
obvious and very isolated from the bulk modes at low frequency. The frequency of the
surface mode is not appreciably affected by the film thickness at any temperature in this
case.

5. Dynamic susceptibility

Figures 10–12 show the frequency dependence of the reduced dynamic susceptibilityκ(ω)

at Q = 0 for different film thicknesses and different temperatures. The dashed lines in the
figures show the corresponding bulk susceptibility.

Figure 10 shows the susceptibility for films with reduced surface interaction (case (i)).
Figures 10(a) and 10(b) are for 10-layer films, and figures 10(c) and 10(d) are for 40-layer
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Figure 12. Dynamic susceptibility for a film with enhanced surface interaction with parameters
the same as for figure 5. (a) 10-layer film atT/Tc = 0.1, (b) 10-layer film atT/Tc = 1.5, (c)
40-layer film atT/Tc = 0.1, (d) 40-layer film atT/Tc = 1.5.

films, and show only the symmetric mode responses. Figure 10(a) is for the ferroelectric
phase atT/Tcb = 0.5; the two surface modes, marked as s1 and s2, lie far below the
bulk modes and can be easily recognised. The thinner (10-layer) film has stronger poles
than the thicker (40-layer) film. Figure 10(b) is for the paraelectric phase at temperature
T/Tcb = 1.5. The single surface mode, marked s, is now the highest in frequency. The
surface modes are more easily recognised in the 40-layer film (figures 10(c) and 10(d)). The
increase of film thickness adds more bulk modes, and consequently weakens the strength
of the individual poles.

Figure 11 shows diagrams of dynamic susceptibility similar to those of figure 10, but
for films with enhanced surface interaction (case (ii)). Only one surface mode appears on
the lower-frequency side in the paraelectric phase atT/Tcb = 1.5; the bulk mode responses
merge nearly indistinguishably in the thicker film. Figure 12 shows similar diagrams for
case (iii). The strength of the pole corresponding to the surface mode is rather weaker
in figure 12(a) than in figure 11(c) in the ferroelectric phase, but is very obvious in the
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paraelectric phase. Its frequency is well below that of the bulk modes, and its response
does not change appreciably with film thickness.

Figure 13. The optical reflectivity coefficient for a film with reduced surface interaction with
parameters the same as for figure 1. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film at
T/Tcb = 1.5, (c) 40-layer film atT/Tcb = 0.5, (d) 40-layer film atT/Tcb = 1.5.

6. Optical reflectivity

Following the calculation of the dynamic susceptibility in the last section, we extend the
calculation to obtain the optical (i.e. far-infrared) reflection coefficients. The results are
presented in figures 13 to 15. A general feature is that this spectrum consists of a series
of relatively narrow peaks, separated from each other by rather large spectral intervals with
no appreciable reflection. It is worth noting that when the film thicknessd is very small
and the frequency is not close to a pole in the susceptibility, we can get the reflectivity
coefficient from equation (24) in a very simple form:

R = 1

4

(
ω2

c2

)
(1 − ε)2d2

wherec is the velocity of light. Asd is very small, this will result in very weak reflectivity
if the frequency is not near a mode frequency.

The reflection coefficient of film with reduced surface ferroelectricity (case (i)) is shown
in figure 13. Figure 13(a) is for a 10-layer film in the ferroelectric phase at temperature
T/Tcb = 0.5. There are two very obvious surface modes which are marked as s1 and
s2. The dashed line is the corresponding reflectivity for the bulk material. The remaining
three reflection peaks correspond to bulk modes, and all lie in the reststrahl band of the
bulk material. This can be seen more easily from figure 13(c), which shows the reflection
coefficient of a 40-layer film at the same temperature, in which the two peaks from the
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Figure 14. The optical reflectivity coefficient for a film with enhanced surface interaction with
parameters the same as for figure 3. (a) 10-layer film atT/Tcb = 0.5, (b) 10-layer film at
T/Tcb = 1.5, (c) 40-layer film atT/Tcb = 0.5, (d) 40-layer film atT/Tcb = 1.5.

surface modes scarcely change their position and strength but more reflection peaks from
the bulk mode appear. Figure 13(b) is the reflection coefficient of a 10-layer film in the
paraelectric phase withT/Tcb = 1.5. The reflection peak from the surface mode is not as
obvious as that in the ferroelectric phase. All of the reflection peaks lie within the reststrahl
band of the bulk reflectivity. As the film thickness increases, more bulk modes appear
and the lowest bulk mode shifts to lower frequency. Changing the film thickness does not
obviously change the position and strength of the reflection peaks due to the surface mode.

The reflection coefficient of a film with enhanced surface ferroelectricity (case (ii)) is
shown in figure 14. The reflection coefficient in the ferroelectric phase atT/Tcb = 0.5
is shown in figure 14(a). The reflection peak from the surface mode is isolated on the
high-frequency side, and is marked by s; the other four modes are very close and at lower
frequency. When the film thickness increases, as shown in figure 14(c) for a 40-layer film
at the same temperature, the surface mode is still apparent, but more bulk modes appear
around the reststrahl edge. In the paraelectric phase, the surface mode appears as the lowest-
frequency mode. Again, an increase of film thickness increases the number of bulk modes
and shifts the lowest bulk mode much nearer to the mode frequency of the bulk material.

Figure 15 shows the anomalous case (iii) discussed in section 3. Here the temperature
scale is the film Curie temperature as there is no corresponding bulk transition. In the
ferroelectric phase, we would expect from the discussion in the last two sections that the
surface mode is the highest in frequency. However, in both figure 15(a) and figure 15(c),
it is very difficult to distinguish the surface mode, and there is almost no difference when
the film thickness increases from 10 to 40 layers. However, in the paraelectric phase, the
reflection from the surface mode is quite obvious as it is split from the bulk mode and far
below the other bulk modes, and the film thickness has no influence on the surface mode
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Figure 15. The optical reflectivity coefficient for a film with enhanced surface interaction with
parameters the same as for figure 5. (a) 10-layer film atT/Tc = 0.1, (b) 10-layer film at
T/Tc = 1.5, (c) 40-layer film atT/Tc = 0.1, (e) 40-layer film atT/Tc = 1.5.

as also happens in case (i) and case (ii).

7. Discussion and conclusion

Early investigations on the semi-infinite TIM system also found one surface mode in the
paraelectric phase, which joins the bulk mode at large wavevector [3]. This is in agreement
with our calculation shown in figures 7(f) and 8(f). It was also found that in the ferroelectric
phase, the frequency of the surface mode is above that of the bulk modes if the surface
interaction is enhanced, and below that of the bulk modes otherwise. All of these findings
show no conflict with our calculation of dispersion relation curves.

However, it seems that there are differences from the results obtained from Landau
theory [3] for the semi-infinite system. Here, it was shown that the surface mode for a
system with reduced surface polarization can only exist in the ferroelectric phase, or around
the Curie temperature and in the paraelectric phase for a system with enhanced surface
polarization. The absence of surface modes, which are predicted by our TIM model, is the
result of the assumption that Landau theory is valid only around the Brillouin zone centre.
In other words, Landau theory is concerned only with the lowest-frequency quasi-acoustic
modes, and so if we compare only the acoustic-like modes in our calculation with the
Landau theory calculations there is no disagreement.

As a summary, the soft mode still exists in the film geometry. For a film with reduced
surface interaction, the soft mode is a surface mode in the ordered phase and becomes a
bulk mode in the paraelectric phase. For a film with enhanced surface interaction, the soft
mode is a bulk mode at low temperature, but changes into a surface mode at around the
Curie temperature and at higher temperature. For a thick film, there may appear two points
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at which the mode frequency softens, one at the bulk Curie temperature and another at
the surface transition temperature, as happens in the semi-infinite system. The number of
surface modes may be more than one in the ferroelectric phase, and more surface modes
appear as the temperature approaches the Curie temperature. In the ferroelectric phase, these
modes are acoustic-like (i.e. at lower frequency) for films with reduced surface interaction,
and optic-like (i.e. at higher frequency) for films with enhanced surface interaction. In the
paraelectric phase, only one surface mode exists. It is acoustic-like for films with reduced
surface interaction; otherwise it is an optic-like mode. As the in-plane wavevector increases,
all mode frequencies increase. The number of surface modes in the ferroelectric phase does
not change with wavevector, but does change in the paraelectric phase. The surface mode
disappears at large wavevector, so there is no surface mode near the Brillouin boundary in the
paraelectric phase. The results for dynamic susceptibility and optical reflection coefficients
show that the film thickness has almost no obvious influence on the position and strength
of the surface modes. The surface mode is easier to observe in the ferroelectric phase in
a film with reduced ferroelectric interaction, and in the paraelectric phase for a film with
enhanced surface interaction.

In our analysis, we have ignored the effects of damping. Damping can be introduced
phenomenologically into equation (3) in a way analogous to that used in magnetic
resonance [20]. This considerably increases the complexity of the calculations, particularly
in the ferroelectric phase (in [20], such calculations were performed for the bulk paraelectric
phase only), and we have here therefore concentrated on the undamped modes and responses.
The principal effects of damping will be to increase the linewidths of the excitations, thus
reducing the amplitudes of the reflectivity peaks whilst keeping the integrated response
relatively unchanged.
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